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Abstract
We classify all dense near octagons with three points on each line.
© 2005 Elsevier Ltd. All rights reserved.
MSC: 05B25; 51E12
1. Introduction
A near polygon [19] is a partial linear space S = (P,L, I), I ⊆ P×L, with the property
that for every point p ∈ P and every line L ∈ L there exists a unique point on L nearest to
p. Here distances d(·, ·) are measured in the point or collinearity graph Γ . If d denotes the
diameter of Γ , then the near polygon is called a near 2d-gon. We denote d also as diam(Γ )
or as diam(S). The unique near 0-gon O consists of one point (no lines). The near 2-gons
are the lines. We denote the line with s + 1 points by Ls+1. Near quadrangles are usually
called generalized quadrangles (GQ’s [17]). We denote the total number of points of a near
polygon S by vS .
If X1 and X2 are two nonempty sets of points, then d(X1, X2) denotes the minimal
distance between a point of X1 and a point of X2. If X1 = {x}, then we also write d(x, X2)
instead of d({x}, X2). For every i ∈ N, Γi (X1) denotes the set of all points y for which
d(y, X1) = i . If X1 = {x}, then we also write Γi (x) instead of Γi ({x}).
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A sub-near polygon S ′ of a near polygon S is called geodetically closed if the following
properties are satisfied:
(i) every point of S incident with a line of S ′ is also a point of S ′;
(ii) every point on a shortest path (in S) between two points of S ′ is a point of S ′.
A proper geodetically closed sub-near polygon F of a near polygon S is called big in S
if every point outside F is collinear with a (necessarily unique) point of F . If X1, . . . , Xk
are nonempty sets of points, then C(X1, . . . , Xk) denotes the minimal geodetically closed
sub-near polygon through X1 ∪ · · · ∪ Xk , i.e. the intersection of all geodetically closed
sub-near polygons through X1 ∪ · · · ∪ Xk . If one of the sets is a singleton {x}, then we will
often omit the braces and write C(· · · , x, · · ·) instead of C(· · · , {x}, · · ·).
A near polygon is called dense if every line is incident with at least three points
and if every two points at distance 2 have at least two common neighbours. A dense
near polygon satisfies nice properties. By Lemma 19 of [4], every point of a dense near
polygon is incident with the same number of lines. We denote this number by tS + 1.
By Theorem 4 of [4], every two points of a dense near polygon at distance δ from each
other are contained in a unique geodetically closed sub-near 2δ-gon (which necessarily
coincides with C(x, y)). These sub-near 2δ-gons are called quads if δ = 2 and hexes if
δ = 3. If (x, Q) is a point–quad pair of a dense near polygon, then precisely one of the
following cases occurs; see Proposition 2.6 of [19].
• There exists a unique point πQ(x) in Q such that d(x, y) = d(x, πQ(x))+ d(πQ(x), y)
for every point y of Q. In this case, we say that x is classical with respect to Q.
• The set of points in Q nearest to x is an ovoid of Q, i.e. a set of points meeting each
line in precisely one point. In this case, we say that x is ovoidal with respect to Q.
If x is a point of a dense near polygon S, then the local space at x is the linear
space L(x,S) with points, respectively lines, the lines, respectively quads, of S through x
(natural incidence).
A near polygon is said to have order (s, t) if every line is incident with s + 1 points
and if every point is incident with t + 1 lines. A near polygon is called slim if every line
is incident with precisely three points. There are three generalized quadrangles of order
(2, t); see e.g. [17].
• The (3 × 3)-grid L3 × L3 has order (2, 1).
• Let ζ denote a symplectic polarity of PG(3, 2). Then the totally isotropic points and
lines of PG(3, 2) define a generalized quadrangle of order (2, 2), denoted as W (2).
• Let Q be a nonsingular elliptic quadric in PG(5, 2). The points, respectively lines, lying
on Q define a generalized quadrangle of order (2, 4), denoted as Q(5, 2).
These generalized quadrangles will often occur as quads in other dense near polygons.
We will refer to them as grid-quads, W (2)-quads and Q(5, 2)-quads. The slim dense
near hexagons were classified by Brouwer, Cohen, Hall and Wilbrink in [2]. There are
11 such near hexagons. In the present paper (Section 7) we will classify all slim dense near
octagons. Using the classification of the valuations of the 11 slim dense near hexagons
[16], we will show in Section 6 that every slim dense near octagon contains a big hex.
412 B. De Bruyn, P. Vandecasteele / European Journal of Combinatorics 28 (2007) 410–428
The slim dense near octagons with a big hex were already classified in earlier papers, with
the exception of the glued near octagons of type (Q(5, 2) ⊗ Q(5, 2)) ⊗ Q(5, 2). We will
treat these near octagons in the following section.
2. Glued near polygons of type (Q(5, 2)⊗Q(5, 2))⊗Q(5, 2)
2.1. Definition of glued near polygons
Definition. A spread S of a near polygon A is a set of lines partitioning the point set. A
spread S ofA is called a spread of symmetry if for every line K ∈ S and every k1, k2 ∈ K ,
there exists an automorphism of A fixing each line of S and mapping k1 to k2.
LetA1 andA2 be two dense near polygons of diameter at least 2 with constant line size
s +1. Let Si = {L(i)1 , . . . , L(i)αi } be a spread of symmetry ofAi (i ∈ {1, 2}). The line L(i)1 is
called the base line of Si . For i ∈ {1, 2}, for all j, k ∈ {1, . . . , αi } and for every x ∈ L(i)j ,
let p(i)j,k(x) denote the unique point of L
(i)
k nearest to x . We put Φ
(i)
j,k := p(i)k,1 ◦ p(i)j,k ◦ p(i)1, j .
For every bijection θ between L(1)1 and L(2)1 , we consider the following graph Γθ with
vertex set L(1)1 × S1 × S2. Two vertices (x, L(1)i1 , L
(2)
j1 ) and (y, L
(1)
i2 , L
(2)
j2 ) of Γθ are adjacent
if and only if exactly one of the following three conditions is satisfied:
(a) L(1)i1 = L
(1)
i2 , L
(2)
j1 = L
(2)
j2 and x = y;
(b) L(2)j1 = L
(2)
j2 , d(L
(1)
i1 , L
(1)
i2 ) = 1 and Φ
(1)
i1,i2 (x) = y;
(c) L(1)i1 = L
(1)
i2 , d(L
(2)
j1 , L
(2)
j2 ) = 1 and Φ
(2)
j1, j2 ◦ θ(x) = θ(y).
Every two adjacent vertices of Γθ are contained in a unique maximal clique. Let Sθ be
the partial linear space with points the vertices of Γθ and with lines the maximal cliques of
Γθ (natural incidence). If Sθ is a near polygon, then it is called a glued near polygon of type
A1 ⊗A2. In this case Sθ is a near 2(δ1 + δ2 − 1)-gon, where δi , i ∈ {1, 2}, is the diameter
of Ai . In Theorem 14 of [7], a necessary and sufficient condition was given for Sθ to be a
near polygon. If s = 2, then this condition is always satisfied for each of the six possible
bijections θ between L(1)1 and L(2)1 ; so, we obtain six glued near polygonsSθ . By reasons of
symmetry all these six near polygons are isomorphic if the group of automorphisms ofA1
stabilizing S1 and fixing the line L(1)1 induces the full group of permutations of the line L
(1)
1 .
2.2. Spreads of symmetry of Q(5, 2)
Consider a nonsingular Hermitian variety H in PG(3, 4). The points and lines lying on
H define a generalized quadrangle of order (4, 2), denoted as H (3, 4). The generalized
quadrangle H (3, 4) is the point–line dual of Q(5, 2). So, spreads of symmetry of Q(5, 2)
dualize to ovoids of symmetry of H (3, 4). By Section 7.1 of [5], the ovoids of symmetry
of H (3, 4) are the intersections of H (3, 4) with nontangent planes. Hence, we have the
following:
Lemma 2.1. If S1 and S2 are two different spreads of symmetry of Q(5, 2), then S1 and S2
are isomorphic and |S1 ∩ S2| ∈ {1, 3}.
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Let S be a spread of symmetry of Q(5, 2). If K1 and K2 are two different lines of S,
then K1 and K2 are contained in a unique subgrid G and there exists a unique line K3 ∈ S
in G disjoint from K1 and K2. We call R = {K1, K2, K3} a regulus of S. The lines and
reguli of S define an affine plane AS of order 3. If R is a regulus of S, then R⊥ denotes
the set of three lines meeting each line of R. If R1, R2 and R3 are three mutually disjoint
reguli of S, then S′ := R1 ∪ R⊥2 ∪ R⊥3 is a spread of symmetry of Q(5, 2) intersecting S
in three lines. Conversely, if S′ is a spread of symmetry of Q(5, 2) such that |S ∩ S′| = 3,
then there exist three disjoint reguli R1, R2, R3 of S such that S′ = R1 ∪ R⊥2 ∪ R⊥3 .
Lemma 2.2. Let S be a spread of symmetry of Q(5, 2) and let GS denote the group of
automorphisms of Q(5, 2) fixing each line of S. For every two reguli R1 and R2 of S, there
exists an automorphism θ of Q(5, 2) which satisfies the following properties:
(a) Sθ = S;
(b) Rθ1 = R2;
(c) θ commutes with every element of GS.
Proof. Let Γ be the following graph on the vertex set GF(3)×GF(3)×GF(3). Two vertices
(x1, y1, z1) and (x2, y2, z2) are adjacent if
• x1 = x2, (y1, z1) = (y2, z2), or
• x2 = x1 + y1z2 − y2z1, (y1, z1) = (y2, z2).
Then by Section 8.2 of [5], the incidence structure S with points the vertices of Γ and
with lines the maximal cliques of Γ (natural incidence) is isomorphic to Q(5, 2). The set
S′ of lines of the form {(σ, a, b)|σ ∈ GF(3)}, a, b ∈ GF(3), is a spread of symmetry of S.
Since all spreads of symmetry of Q(5, 2) are equivalent (see Lemma 2.1), we may assume
that S = S′. By Section 3 of [6], every automorphism of Q(5, 2) stabilizing S has the
following form:⎡
⎣x
θ
yθ
zθ
⎤
⎦ =
⎡
⎣a11a22 − a12a21 ba21 − ca11 ba22 − ca120 a11 a12
0 a21 a22
⎤
⎦
⎡
⎣xy
z
⎤
⎦+
⎡
⎣db
c
⎤
⎦ .
Here a11, a12, a21, a22, b, c, d ∈ GF(3) such that a11a22 − a12a21 = 0. We denote
such an automorphism by θ(a11, a22, a12, a21, b, c, d). The elements of GS are
precisely the elements θ(1, 1, 0, 0, 0, 0, f ) with f ∈ GF(3). An automorphism
θ(a11, a22, a12, a21, b, c, d) commutes with every element of GS if and only if a11a22 −
a12a21 = 1. The automorphism θ(a11, a22, a12, a21, b, c, d) induces the following
automorphism of the affine plane AS :[
y ′
z′
]
=
[
a11 a12
a21 a22
] [
y
z
]
+
[
b
c
]
.
It is now easily seen that we can take elements a11, a22, a12, a21, b, c and d in GF(3) such
that θ(a11, a22, a12, a21, b, c, d) satisfies all required conditions. 
Using the automorphisms of Q(5, 2) which are described in the proof of Lemma 2.2,
one easily sees that the following holds.
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Lemma 2.3. Let S be a spread of symmetry of Q(5, 2) and L a line of S. Then the group
of automorphisms of Q(5, 2) stabilizing S and fixing the line L ∈ S induces the full group
of permutations of this line L.
Lemma 2.4. Let S1 and S2 be two different spreads of symmetry of Q(5, 2) and let GSi ,
i ∈ {1, 2}, denote the group of automorphisms of Q(5, 2) fixing each line of Si . Then GS1
commutes with GS2 if and only if |S1 ∩ S2| = 3.
Proof. By Theorem 3 of [11], GS1 commutes with GS2 if and only if S1 ∪ S2 is a disjoint
union of lines and grids. The lemma now easily follows. 
2.3. Spreads of symmetry of Q(5, 2) ⊗ Q(5, 2)
Up to isomorphism there exists a unique glued near hexagon of type Q(5, 2) ⊗ Q(5, 2)
(see Table 1), and we will denote this near hexagon simply by Q(5, 2) ⊗ Q(5, 2). Let T1
and T2 denote the two partitions of Q(5, 2) ⊗ Q(5, 2) in Q(5, 2)-quads. Every element of
T1 ∪ T2 is big in Q(5, 2) ⊗ Q(5, 2). For every point x and every quad Q of T1 ∪ T2, let
πQ(x) denote the unique point of Q nearest to x . If X is a set of points, then we define
πQ(X) := {πQ(x)|x ∈ X}. Every element of T1 intersects every element of T2 in a line and
S∗ := {F1 ∩ F2|F1 ∈ T1, F2 ∈ T2} is a spread of Q(5, 2)⊗ Q(5, 2). By Theorem 16 of [7],
S∗ is a spread of symmetry of H . If Q ∈ Ti , i ∈ {1, 2}, then SQ := {Q ∩ F |F ∈ T3−i } is a
spread of Q. The following is also useful: if Q, Q′ ∈ Ti , then πQ ′(SQ) = SQ ′ .
Definition. Let Q be a quad of Ti , i ∈ {1, 2}.
• For every spread S of Q, we define S := ∪Q ′∈Ti πQ ′(S). Clearly, S is a spread of
Q(5, 2) ⊗ Q(5, 2). Also, SQ = S∗.
• Let θ be a permutation of the point set of Q. For every quad Q′ of Ti and for every point
x ∈ Q′, we define θ(x) := πQ ′ ◦ θ ◦ πQ(x). Clearly, θ is a permutation of the point set
of Q(5, 2) ⊗ Q(5, 2).
Lemma 2.5 (see Lemma 7 of [12]). If B is a spread of symmetry of Q(5, 2) ⊗ Q(5, 2),
then there exists a quad Q in T1 ∪ T2 and a spread of symmetry S in Q such that B = S.
Lemma 2.6 (see Proposition 11 of [11]). Let Q be a quad of T1 ∪ T2, let G denote the
group of automorphisms of Q fixing each line of SQ and let θ be an automorphism of Q.
Then θ is an automorphism of Q(5, 2) ⊗ Q(5, 2) if and only if θ commutes with every
element of G.
Theorem 2.7. Up to equivalence, Q(5, 2) ⊗ Q(5, 2) has two spreads of symmetry.
Proof. Let B be a spread of symmetry of Q(5, 2) ⊗ Q(5, 2) different from S∗. Then B is
not isomorphic to S∗, since the latter spread of symmetry consists precisely of those lines
of Q(5, 2)⊗Q(5, 2) which are contained in two Q(5, 2)-quads. By Lemmas 2.4–2.6, there
exists a quad Q of T1 ∪ T2 and a spread of symmetry S in Q such that |S ∩ SQ | = 3 and
B = S.
Conversely, let Q be a quad of T1 and let S be a spread of symmetry of Q such that
|S ∩ SQ | = 3. By Lemmas 2.4 and 2.6, S is a spread of symmetry of Q(5, 2)⊗Q(5, 2). If S′
is another spread of symmetry of Q intersecting SQ in three lines, then by Lemmas 2.2 and
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2.6, there exists an automorphism of Q(5, 2) ⊗ Q(5, 2) mapping S1 to S2 (and fixing each
element of T1). Since there exists an automorphism of Q(5, 2)⊗ Q(5, 2) interchanging T1
and T2, there exists, up to equivalence, only one spread of symmetry in Q(5, 2) ⊗ Q(5, 2)
different from S∗. 
Definition. We call S∗ the spread of symmetry of type (1). The 24 remaining spreads of
symmetry of Q(5, 2) ⊗ Q(5, 2) are called spreads of symmetry of type (2).
2.4. Near polygons of type (Q(5, 2) ⊗ Q(5, 2)) ⊗ Q(5, 2)
Let S be a glued near polygon of type (Q(5, 2) ⊗ Q(5, 2)) ⊗ Q(5, 2). We say that S is
of type (Q(5, 2)⊗ Q(5, 2))⊗i Q(5, 2) if it arises from a spread of symmetry of type (i) in
Q(5, 2) ⊗ Q(5, 2).
Theorem 2.8. For every i ∈ {1, 2}, there exists (up to isomorphism) a unique glued near
hexagon of type (Q(5, 2) ⊗ Q(5, 2))⊗i Q(5, 2).
Proof. All spreads of symmetry of type (i) in Q(5, 2) ⊗ Q(5, 2) are equivalent by
Theorem 2.7 and all spreads of symmetry of Q(5, 2) are equivalent by Lemma 2.1. As
a consequence, we may choose an arbitrary spread of symmetry of type (i) in Q(5, 2) ⊗
Q(5, 2), which we call S1, and an arbitrary spread of symmetry S2 in Q(5, 2). Every glued
near polygon which can be obtained for a certain choice of the base lines can always be
obtained for any other choice of the base lines (by changing the map θ accordingly). Hence,
we may also choose arbitrary base lines L(1)1 ∈ S1 and L(2)1 ∈ S2. Every map θ between
L(1)1 and L
(2)
1 now gives rise to a glued near octagon. All these glued near octagons are
isomorphic since the automorphism group of Q(5, 2) fixing the spread S2 and the line
L(2)1 ∈ S2 induces the full group of automorphisms of the line L(2)1 (see Lemma 2.3). 
3. Some classes of slim near polygons
We will now define some classes of slim near polygons.
The incidence structure with points, respectively lines, the maximal, respectively next-
to-maximal, subspaces lying on a nonsingular parabolic quadric Q(2n, 2) in PG(2n, 2),
n ≥ 2, is a slim dense near 2n-gon QD(2n, 2).
The incidence structure with points, respectively lines, the maximal, respectively
next-to-maximal, subspaces lying on a nonsingular Hermitian variety H (2n − 1, 4) in
PG(2n − 1, 4), n ≥ 2, is a slim dense near 2n-gon H D(2n − 1, 4).
Let H (2n − 1, 4) denote a nonsingular Hermitian variety in PG(2n − 1, 4), n ≥ 2, and
choose coordinates in such a way that H (2n − 1, 4) has equation X30 + · · · + X32n−1 = 0.
Let X denote the set of points of PG(2n − 1, 4) with weight 2 (i.e. having precisely two
nonzero coordinates). Then X ⊆ H (2n −1, 4). By [9], the incidence structure with points,
respectively lines, the maximal subspaces of H (2n − 1, 4) containing precisely n elements
of X , respectively the next-to-maximal subspaces of H (2n −1, 4) containing at least n −2
elements of X , is a slim dense near 2n-gon. We denote this near polygon by Gn .
Let Q(2n, 2) be a nonsingular quadric in PG(2n, 2), n ≥ 2, and let Π be a hyperplane
of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q+(2n − 1, 2).
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Table 1
Slim dense near hexagons
Near hexagon H vH tH Big quads Other quads LH
L3 × L3 × L3 27 2 L3 × L3 – C2,2
W (2) × L3 45 3 L3 × L3, W (2) – C3,2
Q(5, 2) × L3 81 5 L3 × L3, Q(5, 2) – C5,2
H3 105 5 W (2) L3 × L3 PG(2, 2)′
QD(6, 2) 135 6 W (2) – PG(2, 2)
Q(5, 2) ⊗ Q(5, 2) 243 8 Q(5, 2) L3 × L3 C5,5
G3 405 11 Q(5, 2) L3 × L3, W (2) LG3
E1 729 11 – L3 × L3 K12
E2 759 14 – W (2) PG(3, 2)
E3 567 14 Q(5, 2) W (2) W (2)
H D(5, 4) 891 20 Q(5, 2) – PG(2, 4)
Then by [2], the incidence structure with points, respectively lines, the maximal,
respectively next-to-maximal, subspaces of Q(2n, 2) which are not contained in Π is a
slim dense near 2n-gon. We denote this near polygon by In .
Let V be a set of order 2n + 2, n ≥ 2. Then the partitions of V in n + 1 sets of order 2,
respectively n − 1 sets of order 2 and one set of order 4, determine the points, respectively
lines, of a dense near polygonHn (see [2]). A point p is incident with a line L if and only
if the partition determined by p is a refinement of the partition determined by L.
Consider the extended ternary Golay code C which is a subspace of the 12-dimensional
vector space F123 over the finite field F3. The cosets of C define an incidence structure E1 if
one takes as lines the triples {v1 +C, v2 +C, v3 +C} such that all the cosets (vi −v j )+C ,
i = j , contain a vector with weight 1. By [19], E1 is a slim dense near hexagon.
Consider the unique Steiner system S(5, 8, 24). By [19], the incidence structure with
points, respectively lines, the blocks, respectively triples of mutually disjoint blocks, is a
slim dense near hexagon. We denote this near hexagon by E2.
Consider in PG(6, 3) a nonsingular quadric Q(6, 3) and a nontangent hyperplane
Π intersecting Q(6, 3) in a nonsingular elliptic quadric Q−(5, 3). There is a polarity
associated with Q(6, 3) and we call two points orthogonal when one of them is contained
in the polar hyperplane of the other. Let N denote the set of 126 internal points of Q(6, 3)
which are contained in Π , i.e. the set of all 126 points in Π for which the polar hyperplane
intersects Q(6, 3) in a nonsingular elliptic quadric. Let E3 be the incidence structure with
points, respectively lines, the 6-tuples, respectively pairs, of mutually orthogonal points
of N (natural incidence). By [4], E3 is a slim dense near hexagon; see also [1] for an
alternative description.
The near 2n-gons QD(2n, 2), H D(2n − 1, 4), Hn , In and Gn are mutually non-
isomorphic if n ≥ 4. For n = 3, we have H3 ∼= I3. For n = 2, we have I2 ∼= L3 × L3,
QD(4, 2) ∼= H2 ∼= W (2) and H D(5, 4) ∼= G2 ∼= Q(5, 2). In Table 1, we list all slim dense
near hexagons which were classified in [2]. For each near hexagon H , there exists a linear
space LH such that L(x, H ) ∼= LH for every point x of H . An (i, j)-cross Ci, j (i, j ≥ 2)
is the unique linear space on i + j − 1 points containing a line of size i , a line of size j ,
and (i − 1)( j − 1) additional lines of size 2. The linear space PG(2, 2)′ is obtained from
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the Fano plane PG(2, 2) by deleting one point. K12 is the complete graph on 12 points
(regarded as a linear space). W (2) is obtained from W (2) by adding its ovoids as lines. To
defineLG3 , consider three lines L1, L2 and L3 in PG(2, 4) not through the same point. The
points of LG3 are the points of L1 ∪ L2 ∪ L3 and the lines of LG3 are the lines of PG(2, 4)
which intersect L1 ∪ L2 ∪ L3 in at least two points (natural incidence).
If Z1 and Z2 are two sets of near polygons, then Z1 ⊗ Z2 denotes the (possibly
empty) set of all near polygons obtained by glueing an element of Z1 with one of Z2. Put
now
D2 = {Q(5, 2)},
Dn = {Gn, H D(2n − 1, 4)} ∪
(∪2≤i≤n−1 Di ⊗ Dn+1−i ) for every n ≥ 3,
D = D2 ∪ D3 ∪ · · ·
We have D3 = {H D(5, 4),G3, Q(5, 2)⊗ Q(5, 2)}. By [10,13] and Theorem 2.8, D4 =
{H D(7, 4),G4, H D(5, 4) ⊗ Q(5, 2),G3 ⊗ Q(5, 2), (Q(5, 2) ⊗ Q(5, 2))⊗1 Q(5, 2),
(Q(5, 2) ⊗ Q(5, 2))⊗2 Q(5, 2)}.
Definition. Given two near polygons S1 = (P1,L1, I1) and S2 = (P2,L2, I2), a new near
polygon S1 × S2 = (P,L, I) called the direct product of S1 and S2 can be constructed
as follows: P := P1 × P2; L := (P1 × L2) ∪ (L1 × P2); the point (x, y) of S1 × S2 is
incident with the line (z, L) ∈ P1 × L2 if and only if x = z and yI2L; the point (x, y) of
S1 × S2 is incident with the line (M, u) ∈ L1 × P2 if and only if xI1M and y = u. Since
S1 ×S2 ∼= S2 ×S1 and S1 × (S2 ×S3) ∼= (S1 ×S2) ×S3 for any three near polygons S1,
S2 and S3, also the direct product of k ≥ 3 near polygons is well defined.
Theorem 3.1 (Main Theorem of [12]). Let S be a slim dense near 2n-gon. Then the
following are equivalent.
(a) There exists a chain F0 ⊆ F1 ⊆ · · · ⊆ Fn of geodetically closed sub-near polygons
such that diam(Fi ) = i for every i ∈ {0, . . . , n}, and such that Fi , i ∈ {0, . . . , n − 1},
is big in Fi+1 .
(b) S is isomorphic to the direct product of a number of near polygons of the set
{O,L3,E3} ∪ D ∪ {QD(2n, 2)|n ≥ 2} ∪ {Hn|n ≥ 3} ∪ {In |n ≥ 4}.
Definition. Any chain of geodetically closed sub-near polygons of S which satisfies the
properties mentioned in (a) of Theorem 3.1 is called a nice chain.
4. Valuations
Let S = (P,L, I) be a dense near 2n-gon. A function f from P to N is called a
valuation if it satisfies the following properties ( f (x) is called the value of x):
(V1) there exists at least one point with value 0;
(V2) every line L of S contains a unique point xL with smallest value and f (x) =
f (xL) + 1 for every point x of L different from xL ;
(V3) every point x of S is contained in a geodetically closed sub-near polygon Fx which
satisfies the following properties:
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Table 2
Valuations of the slim dense near hexagons
Near hexagon Class. Ovoid. Semi-cl. Extended Other
L3 × L3 × L3 √ √ √ L3 –
W (2) × L3 √ – √ L3, L5 –
Q(5, 2) × L3 √ – – L3 –
H3
√
– – L5 L3, PG(2, 2)
QD(6, 2) √ – – L5 –
Q(5, 2) ⊗ Q(5, 2) √ – – – AG(2, 3)
G3
√
– – – W (2)
E1
√ √
– – –
E2
√ √
– – –
E3
√
– – – PG(2, 4)
H D(5, 4) √ – – – –
• f (y) ≤ f (x) for every point y of Fx ,
• every point z of S which is collinear with a point y of Fx and which satisfies
f (z) = f (y) − 1 also belongs to Fx .
Valuations were introduced in [14]. It can be shown (see Proposition 7 of [14]) that the
geodetically closed sub-near polygon Fx in Property (V3) is unique.
If f is a valuation of a dense near polygon S, then O f denotes the set of points of S
with value 0. A quad of S is called special if it contains at least two points of O f . If Q is
a special quad, then Q ∩ O f is an ovoid of Q by Corollary 2 of [14]. We define G f as the
partial linear space whose points are the points of O f , whose lines are the special quads of
S and whose incidence relation is containment.
In [16], we classified all valuations of the 11 slim dense near hexagons. We list the
valuations of these near hexagons in Table 2. In columns 2, 3 and 4, we mention whether
the valuations exist or not. In columns 5 and 6, we also give the structure of G f for every
existing valuation f of that type.
Most of the valuations f in the table are obtained as follows. Take a nice set X of points
in the near hexagon S and put f (x) := d(x, X). Obviously, we then have O f = X . If X is
a singleton, then we call f a classical valuation. If X is an ovoid of the near hexagon, then
we call f an ovoidal valuation. If X is an ovoid in a big quad, then we call f an extended
valuation.
Three valuations in the table are not of the form f (x) = d(x, X) for any point set X .
• Let S be isomorphic to either L3 ×L3 ×L3 or W (2)×L3. Let x be a point of S and let
X be a set of points at distance 3 from x with the property that every line at distance 2
from x has a unique point in common with X . Put f (u) := min{d(u, x), d(u, X) +
1} for every point u of S. Then f is a valuation. We call f a semi-classical
valuation.
• Let S be isomorphic to H3 and let X be an ovoid in a grid-quad of H3. Put f (x) =
d(x, X) if d(x, X) ≤ 2 and f (x) = 1 if d(x, X) = 3. Then f is a valuation of H3 with
G f ∼= L3.
B. De Bruyn, P. Vandecasteele / European Journal of Combinatorics 28 (2007) 410–428 419
5. Some properties of slim dense near octagons
Lemma 5.1. Let S be a slim dense near octagon and let H be a hex of S containing a
Q(5, 2)-quad. Then every hex intersecting H intersects H in at least a line.
Proof. Let H ′ be a hex which meets H . Let u ∈ H ∩ H ′ be a point, let Q denote a Q(5, 2)-
quad of H through u (such a quad exists by Table 1 and the assumption on the existence
of a Q(5, 2)-quad in H ) and let v denote a point of H ′ at distance 3 from u. Since Q(5, 2)
has no ovoids, v is classical with respect to Q. Let v′ denote the point of Q nearest to v.
Then d(v, v′) ≤ 2, so v′ = u. Since d(v, u) = d(v, v′) + d(v′, u), the point v′ is contained
in a shortest path between the points v and u of H ′. Hence v′ ∈ H ′ and C(u, v′) ⊆ H ∩ H ′.
So H and H ′ intersect in at least a line. 
Lemma 5.2 (Lemma 15 of [15]). For every slim dense near octagon S, there exist
constants aS , bS and cS such that every point of S is contained in aS grid-quads, bS
W (2)-quads and cS Q(5, 2)-quads. Furthermore, (i) tS (tS + 1) = 2aS + 6bS + 20cS
and (ii) |Γ0(x)| = 1, |Γ1(x)| = 2(tS + 1), |Γ2(x)| = 4aS + 8bS + 16cS , |Γ3(x)| =
vS
3 − 1 − 6tS + 4aS + 8bS + 16cS , |Γ4(x)| = 2( vS3 − 1 + 2tS − 4aS − 8bS − 16cS) for
every point x of S. Hence |Γi (x)|, i ∈ {0, 1, 2, 3, 4}, is independent of the chosen point x .
Lemma 5.3. Let (x, H ) be a point–hex pair of a dense near octagon S and consider the
function fx : H → N, y → d(x, y) − d(x, H ). If d(x, H ) ≤ 1, then fx is a classical
valuation of H . If d(x, H ) = 3, then fx is an ovoidal valuation of H . If d(x, H ) = 2, then
fx is a valuation of H which is neither classical nor ovoidal.
Proof. By Proposition 8 of [14], fx is a valuation of H .
If d(x, H ) ≤ 1, then there exists a unique point x ′ in H nearest to x and d(x, y) =
d(x, x ′)+d(x ′, y) for every point y of H . Hence, fx (y) = d(x ′, y) for every point y of H .
This proves that fx is classical.
If d(x, H ) = 3, then fx (y) ∈ {0, 1} for every point y of H . Moreover, every line of
H contains a unique point with value 0. This proves that O fx is an ovoid and that fx is
ovoidal.
Suppose d(x, H ) = 2. If fx is classical, then there exists a point y ∈ H with fx (y) = 3.
We would then have that d(x, y) = 5, a contradiction. Suppose that fx is ovoidal. Then all
points of H are at distance 2 or 3 from x and the points at distance 2 from x form an ovoid
O of H . Let y be a point of H not contained in O. Every line of H through y contains a
point at distance 2 from x . So, (Γ1(y) ∩ H ) ⊆ C(x, y). This implies H ⊆ C(x, y). This is
impossible, since H and C(x, y) are two different hexes. 
6. Existence of big hexes
We label the 11 slim dense near hexagons in the following way: N1 = L3 × L3 × L3,
N2 = W (2) × L3, N3 = Q(5, 2) × L3, N4 = Q(5, 2) ⊗ Q(5, 2), N5 = H3,
N6 = QD(6, 2), N7 = E3, N8 = G3, N9 = E1, N10 = E2 and N11 = H D(5, 4).
Theorem 6.1. Let S = (P,L, I) be a dense near octagon of order (2, t) and let i be
the biggest integer such that S contains a hex isomorphic to Ni . Then every hex of S
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isomorphic to Ni is big in S. As a corollary, every slim dense near octagon contains a big
hex.
Suppose the contrary. Let H = (P ′,L′, I′) be a hex isomorphic to Ni which is not
big in S and let x denote a point of S at distance 2 from H . Put fx : P ′ → N, y →
d(x, y) − d(x, H ). Then by Lemma 5.3, fx is a valuation of H which is neither classical
nor ovoidal. We call a quad of H special if it is special with respect to the valuation fx of
H . If Q is a special quad, then C(x, Q) is a hex. We will derive a contradiction for each of
the possible values of i .
Lemma 6.2. The case i ∈ {9, 10, 11} cannot occur.
Proof. By Table 2, all valuations of E1,E2 and H D(5, 4) are either classical or ovoidal. A
contradiction now follows from Lemma 5.3. 
Lemma 6.3. The case i = 8 cannot occur.
Proof. By Table 2, G fx ∼= W (2). Let x ′ ∈ O fx .
(a) Consider a special W (2)-quad Q through x ′. Then H ′ := C(x, Q) is a near hexagon
containing a W (2)-quad which is not big in H ′. By Table 1, H ′ ∼= G3 or H ′ ∼= E3. In both
cases:
(i) there exists a W (2)-quad Q′ through x intersecting H in a point z of Q ∩ O fx ,
(ii) every line of H through z is contained in a unique special quad.
The hexes through Q′ determine a partition of the lines through x which are not
contained in Q. By Lemma 5.1, every hex H ′′ through Q′ intersects H in at least a
line. By (ii) such a line is contained in a unique special quad Q′′ through z. Obviously,
C(x, Q′′) coincides with H ′′. Hence, every hex through Q′ intersects H in a special quad
through z. Since G fx ∼= W (2), there are five special quads through z: three grid-quads
and two W (2)-quads. Every hex through Q′ intersecting H in a special grid-quad is
necessarily isomorphic to G3 and the remaining two hexes through Q′ are isomorphic
to E3 or G3 (see Table 1). Suppose that α of them are isomorphic to G3. It follows that
t + 1 = 3 + (3 + α)(tG3 + 1 − 3) + (2 − α)(tE3 + 1 − 3), where α ∈ {0, 1, 2}. Hence
t + 1 ∈ {48, 51, 54}.
(b) Consider a special grid-quad Q through x ′. Then H ′ := C(x, Q) is a near hexagon
containing a grid-quad which is not big in H ′. Because i = 8, either H ′ ∼= H3,
H ′ ∼= Q(5, 2) ⊗ Q(5, 2) or H ′ ∼= G3. Let Q1, Q2 and Q3 denote the three quads
through x intersecting Q ∩ O fx . Clearly these quads are not big in H ′. If H ′ ∼= H3
or H ′ ∼= Q(5, 2) ⊗ Q(5, 2), then Q1 ∼= Q2 ∼= Q3 ∼= L3 × L3. If H ′ ∼= G3, then
by [16], there exists a unique valuation f of H ′ such that {x} ∪ (Γ2(x) ∩ Q) ⊆ O f .
By Table 2, G f ∼= W (2). Hence, precisely one of the quads Q1, Q2, Q3 is a grid.
So, in any case there exists a grid-quad Q′ through x intersecting H in a point z of
Q ∩ O fx . As in (a), Q′ is contained in five hexes partitioning the lines through x not
contained in Q′. Three of them intersect H in a special grid-quad and the remaining two
intersect H in a special W (2)-quad. From Table 1, the hexes through Q′ intersecting H
in a W (2)-quad are isomorphic to G3, and the remaining three hexes are isomorphic to
G3,H3 or Q(5, 2) ⊗ Q(5, 2). Suppose α′ of them are isomorphic to G3 and β ′ of them
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are isomorphic to H3. It follows that the number of lines through a point of S equals
2 + (2 + α′)(tG3 + 1 − 2)+ β ′(tH3 + 1 − 2)+ (3 − α′ − β ′)(tQ(5,2)⊗Q(5,2) + 1 − 2), where
α′ + β ′ ∈ {0, 1, 2, 3}. Hence t + 1 ∈ {34, 37, 40, 43, 46, 49, 52}, contradicting (a). 
Lemma 6.4. The case i = 7 cannot occur.
Proof. By Table 2, G fx ∼= PG(2, 4).
(a) By Lemma 5.3 and Table 2, Γ3(H ) = ∅. Suppose that L is a line through x such
that also the remaining points y and z of L have distance 2 from H . Consider a point
x ′ of O fx and let Q be a Q(5, 2)-quad of H through x ′. Since Q(5, 2) has no ovoids,
the points x , y and z are classical with respect to Q. Let y ′ and z′ denote the points of
Q at distance 2 from y and z, respectively. Since d(x, y′) = 3, d(x ′, y ′) = 1. Similarly,
d(x ′, z′) = d(y ′, z′) = 1. So, there exists a line L Q in Q containing the points x ′, y ′ and z′.
Clearly we can repeat this argument for every Q(5, 2)-quad of H through x ′. Suppose now
that for a Q(5, 2)-quad Q′ of H through x ′, L Q ′ = L Q . Put Q′′ := C(L Q , L Q ′). Since
|Γ2(y) ∩ Q′′| ≥ 2 and |Γ2(z) ∩ Q′′| ≥ 2, (i) Q′′ ∼= W (2) and (ii) (y, Q′′) and (z, Q′′) are
ovoidal point–quad pairs. Any two ovoids of W (2) intersect in a point. Let u be a point of
Q′′ at distance 2 from y and z. From d(y, u) = d(z, u) = 2, it follows that d(x, u) = 1,
a contradiction. So, the line L Q must be contained in the intersection of all Q(5, 2)-quads
through x ′ in H . But no line of H satisfies this property. It follows that every line through
x is contained in a unique quad through x intersecting H in a point.
(b) Consider a special W (2)-quad Q of H and put H ′ := C(x, Q). Since H ′ is a hex
containing a W (2)-quad which is not big, H ′ ∼= E3 by Table 1 and the fact that i = 7.
Hence every quad through x intersecting Q is isomorphic to W (2). Repeating this for
every special W (2)-quad and taking (a) into account, it follows that t + 1 = 3|O fx | = 63.
(c) Suppose that grid-quads occur in S. By Lemma 5.2, there exists a grid-quad G
through x . Let Q1 and Q2 denote the two W (2)-quads through x which intersect H in
a point and G in a line. From (b), G ⊂ C(Q1, Q2) ∼= E3, a contradiction. Hence no grid-
quads can occur. Because i = 7, it follows that only hexes isomorphic to QD(6, 2) or E3
can occur.
(d) Consider a Q(5, 2)-quad Q in S and a point x ′ ∈ Q. The α hexes through Q
determine a partition of the lines through x ′ not contained in Q. From (c) all these hexes
are isomorphic to E3. It follows that t + 1 = 5 + α(15 − 5). From (b), a contradiction
follows. 
Lemma 6.5. The case i = 6 cannot occur.
Proof. By Table 2, O fx is an ovoid in a W (2)-quad Q of H . But then C(x, Q) is a
hex containing a W (2)-quad which is not big. From i = 6 and Table 1, a contradiction
follows. 
Lemma 6.6. The case i = 5 cannot occur.
Proof. (a) We show that no Q(5, 2)-quad occurs. Suppose the contrary; then by
Lemma 5.2, there exists a Q(5, 2)-quad Q through a point x ′ of H . Obviously, Q is
not contained in H . By the proof of Lemma 5.1, Q intersects H in a line L. Every hex
through Q and a W (2)-quad of H through L is isomorphic to G3 or E3 by Table 1. This
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is impossible since i = 5. Hence, S has no Q(5, 2)-quads. It follows that only hexes
isomorphic to L3 × L3 × L3, W (2) × L3 or H3 can occur.
(b) If Q is a special W (2)-quad, then C(x, Q) is a hex containing a W (2)-quad which
is not big. Since i = 5, a contradiction follows. Hence, all special quads of H are grids
and G fx is isomorphic to either L3 or PG(2, 2). If Q is a special grid-quad, then C(x, Q)
is a hex containing a grid-quad which is not big. By (a), C(x, Q) ∼= H3. So, every quad
intersecting H in a point is a grid-quad.
Consider a line L of S intersecting H in a point y and let z ∈ L \ {y}. Let G1, G2 and
G3 be the grid-quads of H through y and let Hi := C(L, Gi ).
(c) Let L ′ be another line through z. If L ′ contains a point z′ at distance 2 from H , then
by (b), at least one of the grid-quads G1, G2 and G3 is special with respect to the valuation
fz′ . So, L ′ is contained in at least one of the hexes Hi , i = 1, 2, 3. Every line through z
contained in Γ1(H ) is contained in exactly one of the hexes Hi , i = 1, 2, 3. Hence, every
line through z is contained in at least one of the hexes H1, H2, H3.
(d) Suppose now that Q is a quad through L intersecting H in y and suppose that Q is
contained in H j and Hk (1 ≤ j < k ≤ 3). By (b), Q is a grid-quad. Let y ′ be a point of Q
at distance 2 from y. Clearly, both G j and Gk contain three points of O fy′ . It follows that
G fy′ ∼= PG(2, 2), implying that also Gl (l ∈ {1, 2, 3}\{ j, k}) contains three points of O fy′ .
It follows that Hi ∼= H3 for every i ∈ {1, 2, 3} and hence by (c), t+1 = 2+3(tH3−1) = 14.
By (b), C(y ′, v) is a grid-quad for every v ∈ O fy′ and any two of these grid-quads are
contained in a unique hex isomorphic to H3. As a corollary, (aS , bS , cS ) = (7, 28, 0).
Suppose that y′ is contained in α hexes of type L3 × L3 × L3, β hexes of type W (2) × L3
and γ hexes of type H3. Counting pairs (G, L) where G is a grid-quad through y ′ and L a
line through y ′ not contained in G yields that 7(t + 1 − 2) = 3α + 6β + 12γ or
α + 2β + 4γ = 28. (1)
Counting pairs (W, L) where W is a W (2)-quad through y ′ and L a line through y ′ not
contained in W yields that 28(t + 1 − 3) = β + 12γ or
β + 12γ = 308. (2)
From Eqs. (1) and (2), a contradiction easily follows.
(e) By (c) and (d), Hi ∩ H j = {L} for all i, j ∈ {1, 2, 3} with i = j . Because only hexes
isomorphic to L3×L3×L3, W (2)×L3 orH3 occur, it follows from (c) that 7 ≤ t +1 ≤ 14
or t + 1 = 16. Now, consider again a point y ′ at distance two from H such that y ∈ O fy′ .
From (b) and (d), G fy′ ∼= L3. Let Q be the grid-quad of H containing all points of O fy′ .
Now let Q′ be a W (2)-quad of H disjoint from Q. Clearly, y ′ is ovoidal with respect to
Q′. Let U and V be two hexes through y ′ intersecting Q′ in, say, u and v. Suppose that M
is a line through y ′ contained in U and V . Clearly, M contains a point m at distance 2 from
u. But then m is classical with respect to Q′, implying that d(m, v) = 4, a contradiction.
So, the five hexes through y ′ intersecting Q′ determine at least 15 lines through y ′. As a
consequence, t + 1 = 16 and Hi ∼= H3 for every i ∈ {1, 2, 3}. It follows that every quad
through L intersecting H in a line is a W (2)-quad. Now, let Q′′ be a W (2)-quad of H
through y. Then the hex C(L, Q′′) contains at least three W (2)-quads through the line L,
contradicting i = 5. 
B. De Bruyn, P. Vandecasteele / European Journal of Combinatorics 28 (2007) 410–428 423
Lemma 6.7. The case i = 4 cannot occur.
Proof. Clearly G fx ∼= AG(2, 3) and hence every point of O fx is contained in four special
grid-quads. Let y ∈ O fx , let Q be the quad through x and y and let G1, G2, G3 and G4
be the four special grid-quads of H through y. Each of the hexes C(x, G j ), 1 ≤ j ≤ 4,
contains a grid-quad which is not big. Because i = 4 and from Table 1, it follows that
these hexes are isomorphic to Q(5, 2) ⊗ Q(5, 2). Let M be a line of Q through y. Let
M1, M2, M3, M4 be the lines of G1, G2, G3, G4, respectively, which are contained in a
Q(5, 2)-quad together with M . Then at least two of these lines are contained in the same
Q(5, 2)-quad of H , implying that the hex through M and these lines has three Q(5, 2)-
quads through a point, a contradiction. 
Lemma 6.8. The case i = 3 cannot occur.
Proof. Clearly O fx is an ovoid in a grid-quad Q of H . Then C(x, Q) is a hex containing a
grid-quad which is not big, a contradiction. 
Lemma 6.9. The case i = 2 cannot occur.
Proof. (a) If O fx is an ovoid in a quad Q of H , then C(x, Q) is a hex containing a quad
which is not big, a contradiction. As a consequence, fx is a semi-classical valuation.
(b) Let Q be a W (2)-quad of H not containing the unique point of O fx . Then d(x, Q) =
3 and Γ3(x) ∩ Q is an ovoid {x1, . . . , x5} of Q. If there exists a line {x, x ′, x ′′} through
x contained in Γ3(Q), then the ovoids Γ3(x) ∩ Q, Γ3(x ′) ∩ Q and Γ3(x ′′) ∩ Q of Q
are mutually disjoint. This is impossible since any two ovoids of W (2) have nonempty
intersection. As a consequence, every line through x is contained in one of the hexes
Hi := C(x, xi ), i ∈ {1, 2, 3, 4, 5}. It follows that t + 1 ≤ 20. Suppose now that
Hi ∩ H j = {x} for certain i, j ∈ {1, 2, 3, 4, 5} with i = j and d(xi , O fx ) = 1. Let L
be a line through x which is contained in Hi ∩ H j and let y be the unique point of L at
distance 2 from xi . Since C(y, xi ) ∩ H = {xi}, d(y, H ) = 1. So, d(y, H ) = 2 and fy
is a semi-classical valuation of H . It follows that d(y, x j ) = d(x, xi) + d(xi , x j ) = 4,
contradicting the fact that y and x j belong to the same hex H j . So, Hi ∩ H j = {x} for all
i, j ∈ {1, . . . , 5} with i = j . Since only hexes isomorphic to L3 × L3 × L3 or W (2) × L3
occur in S, 15 ≤ t + 1 ≤ 20 and bS ≥ t + 1 − 15 = t − 14.
(c) Let x ′ be an arbitrary point of H . For every i ∈ {0, 1, 2, 3}, let Xi be the set of all
points y of S such that d(y, H ) = d(y, x ′) = i . Since H has no ovoids, X3 = ∅. One
has
• |X0| = 1;
• |X1| = 2(t − tH ) = 2t − 6;
• |X2| = |Γ2(x ′)| − |Γ2(x ′) ∩ H | − 2(tH + 1)|X1|.
Here |Γ2(x ′)| = 4aS + 8bS and |Γ2(x ′) ∩ H | = 20. Hence, |Xi |, i ∈ {0, 1, 2}, is
independent from the point x ′. By (a), |Γi (y) ∩ H | = 1 for every i ∈ {0, 1, 2} and every
y ∈ Γi (H ). Hence,
vS = vH (|X0| + |X1| + |X2|) = 45(23 − 14t + 4aS + 8bS).
Hence by Lemma 5.2,
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|Γ3(y)| = vS3 − 1 − 6t + 4aS + 8bS = 344 − 216t + 64aS + 128bS (3)
for every point y of S.
(d) Consider a point x ′ of S and let A (respectively B) be the number of hexes
isomorphic to L3 × L3 × L3 (respectively W (2) × L3) through x ′. Consider the aS grid-
quads G1, . . . , GaS through x ′ and suppose that Gi is contained in ui hexes isomorphic to
L3 ×L3 ×L3 and vi hexes isomorphic to W (2)×L3. Since each line through x ′ outside Gi
is contained in a unique hex together with Gi , ui + 2vi = t − 1 for every i ∈ {1, . . . , aS }.
Since each hex through x ′ contains three grid-quads through x ′, it easily follows that
A + 2 · B = 1
3
aS∑
i=1
(ui + 2vi ) = 13
aS∑
i=1
(t − 1) = 1
3
aS(t − 1). (4)
Since each hex through x ′ isomorphic to L3 ×L3 ×L3 (respectively W (2) ×L3) contains
8 (respectively 16) points at distance 3 from x ′,
|Γ3(x ′)| = 8A + 16B. (5)
Eqs. (3)–(5) yield
aS(t − 1) = 129 − 81t + 24aS + 48bS . (6)
Lemma 5.2 yields
2aS + 6bS = t (t + 1). (7)
From Eqs. (6) and (7), it follows that
bS = t
3 − 24t2 + 137t − 258
6(t − 9) .
Since no two W (2)-quads intersect in a line, 3bS ≤ t + 1 ≤ 20. Hence 0 ≤ bS ≤ 6.
Since bS ∈ N and 15 ≤ t + 1 ≤ 20, it follows that t = 17 and bS = 1. This contradicts
bS ≥ t − 14. 
Theorem 6.1 holds if we can show that also the last case cannot occur.
Lemma 6.10. The case i = 1 cannot occur.
Proof. In this case, every quad is a grid and every hex is isomorphic to L3 × L3 × L3. If
x ′ ∈ O fx , then the grid C(x, x ′) intersects H in the point x ′. So, t ≥ 4. The near octagon S
is a regular near octagon which means that its point graph is a so-called distance-regular
graph [3]. Let A be the collinearity matrix of S. There exist well-known techniques for
calculating the eigenvalues and multiplicities of A; see e.g. [3] or Section 7 of [18]. For
each possible value of t different from 3, there always exists a multiplicity which is not
integral (see e.g. Theorem 7.9 of [18] and the remark following this proof). So, also this
case cannot occur. 
Remark. Consider again the case i = 1. The matrix A has five eigenvalues λi , i ∈
{1, . . . , 5}, with −(t + 1) = λ1 < λ2 < · · · < λ5 = 2(t + 1). The eigenvalues λ2, λ3 and
λ4 are the zeros of the polynomial x3 − 6x2 + (21 − 6t)x + (10t − 20). The multiplicity
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of the eigenvalue 2(t + 1) is equal to 1 and the multiplicity of the eigenvalue −(t + 1)
is equal to f (t) := 96+256t−192t2+128t348+20t+3t2+t3 . The other multiplicities can also be expressed as
functions of t , but these functions are not so nice as f . By Corollary 2 and Theorem 2
of [8], t ≤ 53. For 4 ≤ t ≤ 53, f (t) is only integral if t ∈ {4, 10}. To exclude the two
remaining possibilities for t , one needs to consider the other eigenvalues or one could use
the following argument using valuations.
If there exists a special quad Q in H , then C(x, Q) is a hex containing a quad which
is not big, a contradiction. So, fx is a semi-classical valuation, there exists a unique point
y in O fx and four points x1, x2, x3, x4 of Γ3(y) ∩ H lie at distance 3 from x . Put now
Hi := C(x, xi ) for every i ∈ {1, 2, 3, 4}. Then Hi ∩ H = {xi}. Suppose that a line L
through x is contained in Hi and H j (1 ≤ i < j ≤ 4) and let u be the unique point of L
at distance 2 from xi . As in the case i = 2 we have that d(u, H ) = 2. So, fu is a semi-
classical valuation and since d(xi , x j ) = 2, we have d(u, x j ) = d(u, xi) + d(xi , x j ) = 4,
contradicting the fact that u and x j belong to the same hex H j . Hence, Hi ∩ H j = {x} for
all i, j ∈ {1, 2, 3, 4} with i = j . It follows that t + 1 ≥ 12.
7. Classification of the near octagons
Theorem 7.1. If S is a slim dense near octagon, then S is isomorphic to one of the 24
examples given in Table 3.
Proof. Let H be a big hex of S. If H ∼= E1, then S ∼= E1 × L3 or S ∼= E1 ⊗ Q(5, 2) by
Theorem 4 of [15]. If H ∼= E2, then S is isomorphic to E2 ×L3 by Theorem 5 of [15]. If H
is not isomorphic to E1 or E2, then H has a big quad. So, S has a nice chain of geodetically
closed sub-near polygons. Using Theorem 3.1, the theorem then readily follows. 
For each of the possible near octagonsS, we have listed all big hexes in Table 3. In Table 4,
we list all the remaining hexes. The number αH in each table denotes the number of
hexes isomorphic to H through a given point of S. In (Q(5, 2) ⊗ Q(5, 2))⊗2 Q(5, 2),
there are two types of point. There are 1458 points which are incident with 2 hexes
isomorphic to Q(5, 2)⊗Q(5, 2), 48 hexes isomorphic to L3×L3×L3, 8 hexes isomorphic
to Q(5, 2) × L3, and there are 729 points which are incident with 3 hexes isomorphic
to Q(5, 2) ⊗ Q(5, 2), 64 hexes isomorphic to L3 × L3 × L3, 0 hexes isomorphic to
Q(5, 2) × L3. Using the fact that αH is constant for all the remaining near octagons, one
can show the following result.
Theorem 7.2. Let S be a slim dense near polygon not containing a geodetically closed
sub-near octagon isomorphic to (Q(5, 2) ⊗ Q(5, 2))⊗2 Q(5, 2) and let H be one of the
11 slim dense near hexagons. Then there exists a constant αH such that every point of S is
contained in precisely αH hexes isomorphic to H .
Proof. Suppose S is a near 2d-gon. Obviously, the property holds if d ≤ 3. By Tables 3
and 4, the property also holds if d = 4. We will denote by αH (O) the constant number
of H -hexes through a point of a slim dense near octagon O which is not isomorphic
to (Q(5, 2) ⊗ Q(5, 2))⊗2 Q(5, 2). Now, consider two different collinear points x and
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Table 3
Slim dense near octagons and their big hexes
Near octagon S vS tS Big hexes H αH
L3 × L3 × L3 × L3 81 3 L3 × L3 × L3 4
W (2) × L3 × L3 135 4 L3 × L3 × L3 3
W (2) × L3 2
Q(5, 2) × L3 × L3 243 6 L3 × L3 × L3 5
Q(5, 2) × L3 2
H3 × L3 315 6 W (2) × L3 4
I3 1
QD(6, 2) × L3 405 7 W (2) × L3 7
QD(6, 2) 1
(Q(5, 2) ⊗ Q(5, 2)) × L3 729 9 Q(5, 2) × L3 2
Q(5, 2) ⊗ Q(5, 2) 1
G3 × L3 1215 12 Q(5, 2) × L3 3
G3 1
E1 × L3 2187 12 E1 1
E2 × L3 2277 15 E2 1
E3 × L3 1701 15 Q(5, 2) × L3 6
E3 1
H D(5, 4) × L3 2673 21 Q(5, 2) × L3 21
H D(5, 4) 1
W (2) × W (2) 225 5 W (2) × L3 6
Q(5, 2) × W (2) 405 7 W (2) × L3 5
Q(5, 2) × L3 3
Q(5, 2) × Q(5, 2) 729 9 Q(5, 2) × L3 10
(Q(5, 2) ⊗ Q(5, 2))⊗1 Q(5, 2) 2187 12 Q(5, 2) ⊗ Q(5, 2) 3
(Q(5, 2) ⊗ Q(5, 2))⊗2 Q(5, 2) 2187 12 Q(5, 2) ⊗ Q(5, 2) 2–3
G3 ⊗ Q(5, 2) 3645 15 Q(5, 2) ⊗ Q(5, 2) 2
G3 1
E1 ⊗ Q(5, 2) 6561 15 E1 1
H D(5, 4) ⊗ Q(5, 2) 8019 24 Q(5, 2) ⊗ Q(5, 2) 5
H D(5, 4) 1
G4 8505 21 G3 4
H4 945 9 H3 5
I4 2025 13 QD(6, 2) 8
QD(8, 2) 2295 14 QD(6, 2) 15
H D(7, 4) 114939 84 H D(5, 4) 85
y of S. Let μH denote the number of H -hexes of S through the line xy. For every
geodetically closed sub-near octagon O through xy, let λH (O) denote the number of
H -hexes of O through xy. Then the total number of H -hexes through x is equal to
μH + ∑(αH (O) − λH (O)), where the summation ranges over all geodetically closed
sub-near octagons O through the line xy. By symmetry, the number of H -hexes through
y is also equal to μH +∑(aH (O) − λH (O)). Hence, every two collinear points of S are
contained in the same number of H -hexes. By connectedness of S, it follows that every
point of S is contained in the same number of H -hexes. 
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Table 4
Other hexes of the slim dense near octagons
Near octagon S Other hexes H αH
L3 × L3 × L3 × L3 – –
W (2) × L3 × L3 – –
Q(5, 2) × L3 × L3 – –
H3 × L3 L3 × L3 × L3 3
QD(6, 2) × L3 – –
(Q(5, 2) ⊗ Q(5, 2)) × L3 L3 × L3 × L3 16
G3 × L3 L3 × L3 × L3 9
W (2) × L3 9
E1 × L3 L3 × L3 × L3 66
E2 × L3 W (2) × L3 35
E3 × L3 W (2) × L3 15
H D(5, 4) × L3 – –
W (2) × W (2) – –
Q(5, 2) × W (2) – –
Q(5, 2) × Q(5, 2) – –
(Q(5, 2) ⊗ Q(5, 2))⊗1 Q(5, 2) L3 × L3 × L3 64
(Q(5, 2) ⊗ Q(5, 2))⊗2 Q(5, 2) L3 × L3 × L3 48–64
Q(5, 2) × L3 8–0
G3 ⊗ Q(5, 2) L3 × L3 × L3 24
W (2) × L3 36
Q(5, 2) × L3 7
E1 ⊗ Q(5, 2) L3 × L3 × L3 220
Q(5, 2) × L3 11
H D(5, 4) ⊗ Q(5, 2) Q(5, 2) × L3 64
G4 W (2) × L3 36
Q(5, 2) × L3 18
H3 27
H4 W (2) × L3 10
I4 H3 7
QD(8, 2) – –
H D(7, 4) – –
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